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Adapted from Graham’s Lecture slides

8£12%: Monads and More

FE2IMAS:

Functor. Applicative, Monad



M RCIEHRERXNA I

Level 1: Polymorphic Functions (over types)

Llengthl :: a —>

Level 2: Generic Functions (over type constructors)

length2 :: t —>




Functor / K-



ITHHHR

| sqr :: |
1NnC sqr
inc (n:ns) : sqr (n:ns)

map ::
map T
map f (x:xs) f x + map f Xxs

inc = map (+1) sqgr = map (72)



Functor

fmap :: (a —>b) > f a —> T b

(<$) :: b—>f a—-—>Tb
(<$) = fmap . const

(fmap . const) b fa
const :: b —>a —> b
fmap (COnSt b) fa const x = X




Functor

.f

ghci> fmap (+1) [1,2,3]
[2,3,4]

ghci> fmap (~2) [1,2,3]
:a—>T b —-—>1T a [1,4,09]

= fmap . const

(a > b) = fa->fb




a = Nothing | Just a

fmap _ Nothing
fmap g (Just x)

Nothing
Just (g x)

ghci> fmap (+1) (Just 3)
Just 4

ghci> fmap (+1) Nothing
Nothing

ghci> fmap not (Just False)
Just True




a = Leaf a | Node ( a) ( a)
( )

fmap g (Leaf x)
fmap g (Node 1 r)

Leat $ g X
Node (fmap g 1) (fmap g r)

ghci> fmap length (Leaf "abc")
Leaf 3

ghci> fmap even $ Node (Leaf 1) (Leaf 2)
Node (Leaf False) (Leaf True)




do X <— mx
return $ g x

fmap g mx

ghci> fmap show $ return True

"True"




Generic Function Definition

inc :: f = f —> T
inc = fmap (+1)

ghci> 1nc $ Just 1

Just 2

ghci> inc [1,2,3,4,5]

[2,3,4,5,6]

ghci> inc $ Node (Leaf 1) (Leaf 2)
Node (Leaf 2) (Leaf 3)




Functor Laws

@

= fmap f . fmap ¢

* For any parameterized type in Haskell, there is at most
one function fmap that satisfies the required laws.

> That s, If it IS possible to make a given parameterized type
iInto a functor, there is only one way to achieve this.

> Hence, the instances that we defined for List, Maybe, Tree
and 10O were all uniquely determined.



<$> : An infix synonym for fmap

f => (a —> b) —> tf a —> T b
(<$>) = fmap

The name of this operator is an allusion to $. Note the similarities between their types:

($) =3 (a -=> b) -=> a -> b
(<$>) :: Functor £ => (a -=> b) -=> f a -> £ b

Whereas $ Is function application, <$> is function application lifted over a Functor.



Applicative

Applicative Functor




ANl E X — T —A%¥HIfmap

fmapl ::

(a —>b) > f a—-—>fb




ANl E X — T — R 1ERIfmap

fmapl ::

(a —>b) > f a—-—>fb

fmap2 ::

(a —>b —>c¢c) >fa—-=>fb —> fc




ANl E X — T — R 1ERIfmap

fmapl ::

(a —>Db) > fa—>"TFb

fmap2 ::

(a —>b —>c¢c) >fa—-=>fb —> fc

fmap3 ::

(a -=>b -—>¢c-—>d) >-fa->fb->fc->°fd




ANl E X — T — R 1ERIfmap

fmapl :: (a > b) > f a —> T b
fmap2 :: (a > b —>c¢c) > fa —>f b —> fc
fmap3 :: (a > b —>¢c —>d) > fa-—>fb-—>fc->fd




ANl E X — T — R 1ERIfmap

fmap@ :: a —> T a

fmapl :: (a > b) > f a —> T b

fmap2 :: (a > b —>c¢c) > fa —>f b —> fc

fmap3 :: (a >b >c —>d) - fa->fb->fc-—>°fd




AT 5 72 PR 2

pure :: a —> T a

(<x>) = f (@ —>Db) > f a —>f b




(<+>) i1 f (a—>b) —> fa->fb



(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a




(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a

fmap@® = pure




(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a

fmap@® = pure

fmapl :: (a => b) > f a —> f b




(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a

fmap@® = pure

fmapl :: (a => b) > f a —> f b

fmapl g X = pure g <x> X




(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a

fmap@® = pure

fmapl :: (a => b) > f a —> f b

fmapl g X = pure g <x> X

fmapl g x = fmap g X = g <$> X




(<+>) i1 f (a—>b) —> fa->fb

fmap® :: a —> T a

fmap@® = pure

fmapl :: (a => b) > f a —> f b

fmapl g X = pure g <x> X

fmapl g x = fmap g X = g <$> X

fmap2 :: (a => b —>c¢c) > fa-—->f b —> fc




fmap@ :: a —> T a

fmap@ = pure

fmapl :: (a -=> b) - f a —> T b

fmapl g X = pure g <¥> X

fmapl g x = fmap g X = g <$> X

fmap2 :: (a -=> b —>c¢c) > fa-—->Ffb —> fc

fmap2 g X y = pure g <> X <k> y = (g <$> X <k> vy




fmap@ :: a —> T a

fmap@ = pure

fmapl :: (a -=> b) - f a —> T b

fmapl g X = pure g <¥> X

fmapl g x = fmap g X = g <$> X

fmap2 :: (a -=> b —>c¢c) > fa-—->Ffb —> fc

fmap2 g X y = pure g <> X <k> y = (g <$> X <k> vy

fmap3 :: (a —>b >¢c —>d) - fa->fb-—->fc-—>fd




(<+>) i1 f (a->b) > fa—>fb

fmap@ :: a —> T a

fmap@ = pure

fmapl :: (a -=> b) - f a —> T b

fmapl g X = pure g <¥> X

fmapl g x = fmap g X = g <$> X

fmap2 :: (a > b —>c¢c) > fa —>f b —> fc

fmap2 g X y = pure g <> X <k> y = (g <$> X <k> vy

fmap3 :: (a —>b >¢c —>d) - fa->fb-—->fc-—>fd

fmap3 g X y zZ = pure g <> X <k> Yy <k> Z = ¢ <$> X <k> Yy <x> 7




Applicative Functor

Applicative Functor: — M E{LhRZs

f =>

pure :: a —> T a

(<x>) 12 f (@ —>Db) > f a —> T b




Applicative Functor: — a1t AR AS

f =>

pure :: a —> T a

(<x>) :: f (a—>Db) = f a->°Fb



Applicative Functor: — a1t AR AS

f =>

pure :: a —> f a

f (a —>b) > fa->Ffb

7= 0 MaybeJgApplicativefi— L5

(<x>) 1

pure = Just

Nothing <>

B Nothing
(Just g) <*> mx

g <$> mx




Applicative Functor: SR LIRS E Y S T
Just 2

f => ghci> pure (+) <*> Just 1 <%> Just 2
Just 3

pure :: a —> f a ghci> pure (+) <*> Nothing <*> Just 2
Nothing

ghci> Nothing <*x> Just 1
Nothing

7= BB MaybeJApplicativef|—{ S|

(<x>) :: f (a —> b)

pure = Just

Nothing <x%>

_ Nothing
(Just g) <*x> mx

g <$> mx




7= BA [ 1 A Applicativef— 3Ll
[]

pure x = [x]

gs <> xs = [g x | g <- gs, X <— xs]

ghci> pure (+1) <x> [1,2,3]
[2,3,4]

ghci> pure (+) <x> [1] <x> [2]

[3]

ghci> pure (x) <x> [1,2] <x> [3,4]
[3,4,6,8]




7= HR 10 JFApplicativef— Ll
instance Applicative I0 where

pure = return

mg <x> mx = do {g <- mg; X <—- mx; return (g x)}

getChars :: Int —> I0 String
getChars 0 = return ||
getChars n = pure (:) <x> getChar <x> getChars (n-1)



Generic Function Definition

sequenceA :: f = [f a] —> f [a]
sequenceA pure
sequenceA (x:xs) = pure (:) <*x> x <*k> sequenceA Xxs

ghci> sequenceA [Just 1, Just 2, Just 3]
Just [1,2,3]

ghci> sequenceA [Just 1, Nothing, Just 3]
Nothing

ghci> sequenceA [[1,2,3], [4,5,6], [7,8,9]]

(f1,4,7}1,11,4,81,111,4,9],11,5,71,11,5,81,11,5,91,1[1,6,7]}1,[1,6,8],[1,6,9],
[2,4,7],1[2,4,81,1[2,4,91,1[2,5,71,12,5,81,12,5,9],1[2,6,7],[2,6,8],[2,6,9],
[3,4,7]1,[3,4,8],1[3,4,91,13,5,71,13,5,81,13,5,91,13,6,7]1,[3,6,8],[3,6,9]1




Applicative Laws

@ Sl frop id = ic
@) pure (g x) = pure g <x> pure X

©) x <x> pure y = pure (\g => g y) <¥> X

@ X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: & 5

pure id <x> X = X

pure (g xX) = pure g <x> pure X




Applicative Laws: X859

pure (g xX) = pure g <x> pure X



Applicative Laws: X859

pure (g xX) = pure g <x> pure X



pure (g xX) = pure g <x> pure X



pure (g xX) = pure g <x> pure X




pure (g xX) = pure g <x> pure X




Applicative Laws: X859

pure (g xX) = pure g <x> pure X




Applicative Laws: X859

pure (g xX) = pure g <x> pure X




Applicative Laws: X859

pure (g xX) = pure g <x> pure X




Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X
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X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X
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\ s ) :
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X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X

> ; S NN : IE R A T N N N A N N N S AN I N RN G AVl TSN AN N I SN O N I N SN I N I B
. . ;4 K B

) ‘i‘ {

\ s ) :
& R v'
a _ i j N,

X 3 | 3

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X
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X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: X859

X <x> pure y = pure (\g -> g Y) <x> X

f ((a—> b) -> b)

X <x> (y <> z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X
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g | v ) ,', ‘f’
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& R v'

X <x> (y <> 2z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: X859

X <x> pure y = pure (\g —> g y) <x> X
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g | v ) ,', ‘f’

) ‘i‘ {

\ s ) 3

& R v'

X <x> (y <> 2z) = (pure (.) <k> X <k> y) <k> Z



Applicative Laws: X859

X <x> pure y = pure (\g -> g Y) <x> X
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f ((a -> b) -> b)
’f(b_>c) 

X <x> (y <> 2z) = (pure (.) <k> X <k> y) <k> Z




Applicative Laws: X859

X <x> pure y = pure (\g -> g Yy) <k> X
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X <x> (y <> 2z) = (pure (.) <k> X <k> y) <k> Z







— /e FEALE

eval ::
eval (Val n)
eval (Div x y) = eval x div eval y

ghci> eval $ Div (Val 1) (Val 0)
xx*k Exception: divide by zero




satediv

safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval ::
eval (Val n) Just n
eval (Div x y) = case eval x of
Nothing —> Nothing
Just n —> case eval y of
Nothing —> Nothing
Just m —> safediv n m




satediv

safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval ::

eval (Val n) Just n

eval (Div x y) = case eval x of
Nothing —> Nothing

*ﬁ %g Just n —> case eval y of
M2 552 205 Nothing —> Nothing

Just m —-—> safediv n m




safediv ::

safediv _ 0 = Nothing

safediv n m = Just (n "div" m)




safediv ::

safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval :: —>
eval (Val n) = pure n
eval (Div x y) = pure safediv <*> eval x <x> eval y




safediv ::
safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval :: —>
eval (Val n) = pure n
eval (Div x y) = pure safediv <*> eval x <x> eval y

type: Maybe (Maybe Int)




safediv ::
safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval :: —>
eval (Val n) = pure n
eval (Div x y) = pure safediv <*> eval x <x> eval y

- type: Maybe (Maybe Int)




safediv ::
safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval ::
eval (Val n) = pure n |
eval (Div x y) = case pure safediv <x> “eval X <% eval y of

Just r —> r
Nothing —> Nothing

Maybe (Maybe Int)




safed1lv
safediv _ 0 = Nothing

safediv n m = Just (n "div" m)

eval :: Maybe (Maybe Int)

eval (Val n) n ;
eval (Div x y) pUre safediv <> eval X < eval y of
Just r —> r
Nothing —> Nothing




B RF7ES: SIAN—1THETRVERIE bind




B R7IES: 5IA—T#RIERIF bind

(>>=) = a —> (a —

mx >>= T = mX
Nothing —> Nothing
Just x —> T Xx




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int




B R7IES: 5IA—T#RIERIF bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval X >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int - Maybe Int




B R7IES: 5IA—T#RIERIF bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) eval X >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int - Maybe Int




B R7IES: 5IA—T#RIERIF bind

a —> (a —
case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int




B R7IES: 5IA—T#RIERIF bind

a —> (a —
case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) = eval x >>= (\n -> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int




B RFTIES: 5IA—1HTRYIRIE bind

a —> (a —
case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x y) = eval x >>= (\n -> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int Maybe Int




B R7IES: 5IA—T#RIERIF bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> T X

eval ::
eval (Val n) Just n

eval (Div x y) = eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int Maybe Int




B R7IES: 5IA—T#RIERIF bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> T X

eval - Maybe Int

eval (Val n) Just n

eval (Div x y) = eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int Maybe Int




B R7IES: 5IA—T#RIERIF bind

a —> (a —
case mx of
Nothing —> Nothing
Just x —> f Xx

eval ::
eval (Val n) Just n

Maybe Int

eval (Div x y) = eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int Maybe Int




B R7IES: 5IA—T#RIERIF bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> T X

eval ::
eval (Val n) Just n

Maybe Int

eval (Div x y) = eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

Maybe Int Maybe Int Maybe Int

Maybe Int




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> f Xx

eval :: —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing
Just x —> T X

eval :: —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

|| cE—ssm=Emay e




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= T = case mx of
Nothing —> Nothing
Just x —> T X

X —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

|| cE—ssm=Emay e

Just n

eval X >= \n —
eval y >>= \m —>
safediv n m




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= T = case mx of
Nothing —> Nothing
Just x —> T X

X —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

|| cE—ssm=Emay e

Just n

eval X >= \n —
eval y >>= \m —>
safediv n m




B R7IE3: sIA—TFHIERIE bind

(>>=) :: a —> (a —>

mx >>= T = case mx of
Nothing —> Nothing
Just x —> T X

X —>
eval (Val n) Just n

eval (Div x vy) eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

|| cE—ssm=Emay e

Just n

eval X >= \n —
eval y >>= \m —>
safediv n m




B R7IE3: sIA—TFHIERIE bind

(>>=) a —> (a —>

mx >>= f = case mx of
Nothing —> Nothing

Just x —> T X

eval ::
eval (Val n)
eval (Div x vy)

Just n
eval x >>= (\n —> (eval y >>= (\m —> safediv n m)))

|| cE—sm=ame)eE

eval :: —>
eval (Val n)
eval (Div x vy)

eval ::
eval (Val n)
eval (Div x vy)

Just n

eval X >= \n —> do n <— eval Xx
eval y >>= \m —> m <— eval y
safediv n m — i — SN B RNE AN safediv n m

Just n




Monad

From the perspective of a Haskell programmer
a monad an abstract datatype of actions
The do expressions provide a convenient syntax for writing monadic expressions
class Applicative m => Monad m where

Inject a value 1nto the monadic type
return :: a —> m a
return = pure

Sequentially compose two actions

passing any value produced by the first as an argument to the second
(>>=) ::ma > (a->mb) ->mb

Sequentially compose two actions, discarding any value produced by the first

(>>) :: ma->mb->mb

m>KkKz=m»>=\ —-—> K




Monad

{— The Monad class defines the basic operations over a monad,

a concept from a branch of mathematics known as '"category theory".

From the perspective of a Haskell programmer, however,

1t 1s best to think of a monad as an abstract datatype of actions.

The do expressions provide a convenient syntax for writing monadic expressions.-;
class Applicative m => Monad m where

—— Inject a value 1nto the monadic type.
return :: a —> m a
return = pure

—— Sequentially compose two actions, -

—— passing any value produced by the first as an argument to the second.
(>>=) :: ma-—=>(a-=>mb) = mb

—— Sequentially compose two actions, discarding any value produced by the first,
—— like sequencing operators (such as the semicolon) in imperative languages.
(>>) :t:ma->mb->mb

m>KkKz=m»>=\ —-—> K




Monad

{— The Monad class defines the basic operations over a monad,

a concept from a branch of mathematics known as ''category theory".

From the perspective of a Haskell programmer, however,

1t 1s best to think of a monad as an abstract datatype of actions.

The do expressions provide a convenient syntax for writing monadic expressions.-;
class Applicative m => Monad m where

—— Inject a value 1nto the monadic type.

return :: a —=> m a
[ ]
]
—— Sequentially compose two actions,

return = pure
—— passing any value produced by the first as an argument to the second.
(>>=) ::ma —> (a->mb) -=>mb

—— Sequentially compose two actions, discarding any value produced by the first,
—— like sequencing operators (such as the semicolon) in imperative languages.

(>>) == ma -—=> m b —->mb




Monad

{— The Monad class defines the basic operations over a monad,

a concept from a branch of mathematics known as "category theory".

From the perspective of a Haskell programmer, however,

1t 1s best to think of a monad as an abstract datatype of actions.

The do expressions provide a convenient syntax for writing monadic expressions.-—}
class Applicative m => Monad m where

—— Inject a value 1nto the monadic type.

return :: a —=> m a
[ ]
]
—— Sequentially compose two actions,

return = pure
—— passing any value produced by the first as an argument to the second.
(>>=) ::ma —> (a->mb) -=>mb

—— Sequentially compose two actions, discarding any value produced by the first,
—— like sequencing operators (such as the semicolon) in imperative languages.

(>>) == ma -—=> m b —->mb




7=HBH Maybe J9Monadfy— Ll

return :: a —> m a
return = pure

(>>=) 2 ma—-—>(a->mb) =>mb

(>>) ::ma->mb->mb
m> K =m>=\_ —> K

Nothing >>= Nothing

(Just x) >>= f f x
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return :: a —> m a
return = pure

(>>=) 2 ma—-—>(a->mb) =>mb

(>>) ::ma->mb->mb
m> K =m>=\_ —> K




The State Monad

oo [B]R . WN{o] AR BRI £ FE IR TSRI L

> RS —MEIERE
— type State = Int
— X E—1 Bl FIRER AN 0] U E ARSI B

> RS IRES \'
— type ST = State —> State

> A GRS HRES
— type ST a = State —> (a, State) s s’




The State Monad
ot o] . W1a] FH R EF R I IR SAI AL

> A —MREERE
— type State = Int
— XIXZ—T 0l FIRER o) E ARSI
> RS HRES v
— type ST = State —> State
> FHHERIVINSZ RS
— type ST a = State —> (a, State) s

Haskell R X #5438 ST BA I Functor/Applicative/Monad#9 3L 51
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The State Monad
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The State Monad Z WMARHI: 89 E FiHR;

a = Leaf a | Node ( a) ( a)

tree ::
tree = Node (Node (Leaf 'a') (Leaf 'b')) (Leaf 'c')




The State Monad Z WMARHI: 89 E FiHR;

a = Leaf a | Node ( a) ( a)

tree ::
tree = Node (Node (Leaf 'a') (Leaf 'b')) (Leaf 'c')

o%* Consider the problem of defining a function that relabels
each leaf in such a tree with a unique or fresh integer.



The State Monad Z NMARHI: 89 EFiHR;

a = Leaf a | Node ( a) ( a)

tree ::
tree = Node (Node (Leaf ) (Leaf )) (Leaf )

o%* Consider the problem of defining a function that relabels
each leaf in such a tree with a unique or fresh integer.

ghci> relabel tree
Node (Node (Leaf O0) (Leaf 1)) (Leaf 2)




WREFMINE 2 HiE—: LI E~RAZH

rlabel :: a —> —> , )
rlabel (Leaf ) n Leaf n, n+1)

rlabel (Node 1 r) n Node ' r', n''")
rlabel Ll n

rlabel r n'

-
"
1

(
(
(1
(r', n'')

relabel :: a —>
relabel t = fst (rlabel t 0)

ghci> relabel tree
Node (Node (Leaf O0) (Leaf 1)) (Leaf 2)



rlabel :: Tree a —> Int —> (Tree Int, Int)

rlabel (Leaf _ ) n = (Leaf n, n+1)

rlabel (Node 1 r) n = (Node 1' r', n'")
where (1', n' ) = rlabel 1 n

(r', n'') = rlabel r n'

relabel :: Tree a —> Tree Int
relabel t = fst (rlabel t 0)




WHIEFTINE Z HiEAZ: Applicative

fresh ::
fresh =S $ \n —> (n, n+1)

alabel :: a —> (
alabel (Leaf ) = Leaf <$> fresh
alabel (Node 1 r) = Node <%$> alabel 1 <x> alabel r

relabel’ :: —>
relabel' t = fst $ app (alabel t) ©

<$> = "fmap’
or
g <$> x = pure g <*> x




WHIEFTINE Z HiEAZ: Applicative

fresh ::
fresh =S $ \n —> (n, n+1)

alabel :: a —> (
alabel (Leaf ) = Leaf <$> fresh
alabel (Node 1 r) = Node <%$> alabel 1 <x> alabel r

relabel’ :: —>
relabel' t = fst $ app (alabel t) ©

<$> = "fmap’ S .
or - BREERE, XERAEKIERING?

NRE, TIESAL, UETUBARRARTL | (o

g <$> x = pure g <*> x



WEIEFTINE Z HiA=: Monad

mlabel :: s
mlabel (Leaf ) N
mlabel (Node 1 r) =

relabel'"' :: a
relabel'' t = fst $ app (mlabel

(

)

fresh >>= \n —> return $ Leaf n

mlabel 1 >>=
mlabel r >>=

—>

\L' =
\r' —> return $ Node 1

I



WEIEFTINE Z HiA=: Monad

mlabel :: s
mlabel (Leaf ) N
mlabel (Node 1 r) =

relabel'' :: a

(

)

fresh >>= \n —> return $ Leaf n

mlabel 1 >>=
mlabel r >>=

—>

relabel'' t = fst $ app (mlabel

\L' —>
\r' —> return $ Node L' r

{#F do X5 mlabel



mlabel :: Tree a —> ST (Tree Int)
mlabel (Leaf ) = fresh >>= \n —> return $ Leaf n
mlabel (Node 1 r) = mlabel 1 >>= \1' -
mlabel r >>= \r' —> return $ Node 1' r'

relabel'’ :: Tree a —> Tree Int
relabel'' t = fst ¢$ app (mlabel t) 0

mlabel (Leaf ) do n <— fresh
return (Leaf n)

mlabel (Node 1 r) do 1' <- mlabel 1
r' <— mlabel r
return $ Node l°




Monad Laws

Leftidentity | return a >>= h = h a
Right identity mX >>= return = mX

(mx >>= g) >>= h = mx >>= (\X —> g X >>= h)
Associativity

(mx >>= \X —=> g x) >>= h = mx >= (\x => g x >>= h)

m =>
return :: a —> m a
return = pure

(>>=) :: ma —> (a

(>>) :: ma->mb->mb
m>k=m>=\ -> Kk




m =>
Monad Laws: Another Form return :: a —> m a
return = pure

monad-composition operator (>>=) (i ma->(a->mb) -=>mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a->mc)
f >=> ¢ = \X > f X >>=¢

-
|
-
Q)

return a >>=

Left identity




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=>(a->mb) > (b->mc) —> (a-—>mc)
f >=> ¢ = \X > f X >>=¢
return a >>= h = h a
(\X —> return x >>= h) a = h a

Left identity




m =>
Monad Laws: Another Form return :: a —> m a
return = pure

(>>=) :: ma—-—=>(a-=>mb) -=>mb

monad—composition operator

(>=>) :: m=>(a->mb) —>(b->mc) —-—>(a->mc)
f >=> ¢ = \X > f X >>=¢
return a >>= h = h a
(\X => return x >>= h) a = h a
Left identity
( return >=> h) a = h a




m =>
Monad Laws: Another Form return :: a -> m a
return = pure

(>>=) :: ma—-—=>(a-=>mb) -=>mb

monad—composition operator

(>=>) :: m=>(a->mb) > (b->mc) - (a->mc)
f >=> ¢ = \X > f X >>=¢
return a >>= h = h a
(\X => return x >>= h) a = h a
Left identity
( return >=> h) a = h a
return >=> h = h




Monad Laws: Another Form

monad—composition operator

(>=>)

f >=> ¢

m =>
return :: a —> m a
return = pure

(>>=) :: ma -> (a-=>mb) —>mb

m=> (a->mb) > (b->mc) —->(a->mc)
= \X —> T X >>= g

Left identity

return a >>= h = h a
(\X —> return x >>= h) a = h a
( return >=> h) a = h a

return >=> h = h

E! 212 Left identity




m =>
Monad Laws: Another Form return :: a —> m a
return = pure

monad-composition operator (>>=) (i ma->(a->mb) -=>mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a->mc)
f >=> ¢ = \X > f X >>=¢

mb

mb >>= return

Right identity




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—composition operator (>>=) :t:ma->(a->mb) ->mb
(>=>) :: m=>(a->mb) > (b->mc)-> (a->mc)
f >=> ¢ = \X > f X >>=¢
mb >>= return = mb
f a >>= return = f a

Right identity




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=>(a->mb) > (b->mc) —> (a-—>mc)
f >=> ¢ = \X > f X >>=¢
mb >>= return = mb
f a >>= return = f a
Right identity (\x —> f x >>= return) a = f a




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=>(a->mb) > (b->mc) —> (a—-—>mc)
f >=> ¢ = \X > f X >>=¢
mb >>= return = mb
f a >>= return = f a
Right identity (\x —> f x >>= return) a = f a
( f >=> return) a = f a




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a—-—>mc)
f >=> ¢ = \X > f X >>=¢

mb >>= return = mb

f a >>= return = f a
Right identity (\x —> f x >>= return) a = f a

( f >=> return) a = f a
T >=> return = T




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a—-—>mc)
f >=> ¢ = \X > f X >>=¢

mb >>= return = mb

f a >>= return = f a
Right identity (\x —> f x >>= return) a = f a

( f >=> return) a = f a
T >=> return = T

| BNEESR, “PSERMEXAL? L




m =>
Monad Laws: Another Form return :: a —> m a
return = pure

monad-composition operator (>>=) (i ma->(a->mb) -=>mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a->mc)
f >=> ¢ = \X > f X >>=¢

( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)

ASSOC




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=>(a->mb) - (b->m~c) —> (a->mc)
f >=> ¢ = \X > f X >>=¢
( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)
( f a >>= g) >>= h = f a >= (\x —> g x >= h)

ASSOC




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=> (a->mb) > (b ->mc) —> (a->mc)
f >=> ¢ = \X > f X >>=¢
( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)
( f a >>= g) >>= h = f a >= (\x —> g x >= h)
( f a >= qg) >>= |h = f a >>= | g >=> h)

ASSOC




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=> (a->mb) > (b ->mc) —> (a->mc)
f >=> ¢ = \X > f X >>=¢
( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)
( f a >>= g) >>= | = f a >= (\x —> g x >= h)
( f a >= qg) >>= | = f a >= ( g >=> )
(\x => f x >>= g) a >>= h . f a >>= ( g >=> h)

ASSOC




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb

(>=>) :: m=>(a->mb) > (b->mc) > (a->mc)
f >=> ¢ = \X > f X >>=¢

( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)

( f a >>= g) >>= | = f a >= (\x —> g x >= h)

( f a >= qg) >>= | = f a >= ( g >=> )

(\x => f x >>= g) a >>= h . f a >>= ( g >=> h)

ASSOC
( f >=> ¢g) a>>= h = f a >>= ( g >=> h)




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=> (a->mb) > (b->mc) —>(a->mc)
f >=> ¢ = \X > f X >>=¢
( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)
( f a >>= g) >>= h = f a >= (\x —> g x >= h)
( f a>>=gq) >>= h = f a >>= ( g >=> h)
(\x => f x >>= g) a >>= h . f a >>= ( g >=> h)
ASSOC
( f >=> Q) a >>= h = f a >>= ( g >=> h)
(\x —> ( f >=>g9) x>>= h) a = (\x > f x >>= ( g >=>h)) a




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb
(>=>) :: m=>(a->mb) - (b->mc) ->(a->mc)
f >=> ¢ = \X > f X >>=¢
( mb >>= @) >>= h = mb >>= (\x —> g x >>= h)
( f a >>= g) >>= h = f a >= (\x —> g x >= h)
( f a>>=gq) >>= h = f a >>= ( g >=> h)
(\x —> f x >>= @g) a >>= h = f a >>= ( g >=> h)
ASSOC
( f >=> Q) a >>= h = f a >>= ( g >=> h)
(\x —> ( f >=>g¢9) x>= h) a = (\x > f x >>= ( g >=> h)) a
( ( f >= g) >=> h) a = ( f  >= ( g >=> h)) a




Monad Laws: Another Form

(>=>)

monad—composition operator

f >=> ¢

return ::

return

(>>=)

M
d —= N d

pure

—

:ma —-—=> (a->mb) =>mb

ASSOC

m=>(a->mb) > (b->mc) > (a->mc)

= \X > T X >>= ¢

( mb >>= g) >>= h = mb >>= (\Xx —> g X >>= h)

( f a >>= g) >>= h = f >>= (\Xx —> g x >>= h)

( f a>>=gq) >>= h = f a >>= ( g >=> h)

(\x —> f x >>= @g) a >>= h = f >>= g >=> h)

( f >=> Q) a >>= h = f >>= g >=> h)
(\x —> ( f >=>g9) x>>= h) a = (\x > f x >>= ( g >=>h)) a
( ( f >=> () >=> h) a = f >=> g >=> h)) a

( f >=> () >=> h = f >=> ( g >=> h)




Monad Laws

Leftidentity | return a >>= h = h a
Right identity mX >>= return = mX

(mx >>= g) >>= h = mx >>= (\X —> g X >>= h)
Associativity

(mx >>= \X —=> g x) >>= h = mx >= (\x => g x >>= h)

m =>
return :: a —> m a
return = pure

(>>=) :: ma —> (a

(>>) :: ma->mb->mb
m>k=m>=\ -> Kk




Monad Laws: Another Form

monad—composition operator

(>=>)

f >=> ¢

m =>
return :: a —> m a
return = pure

(>>=) :: ma -> (a-=>mb) —>mb

m=> (a->mb) > (b->mc) —->(a->mc)
= \X —> T X >>= g

Left identity

return a >>= h = h a
(\X —> return x >>= h) a = h a
( return >=> h) a = h a

return >=> h = h

E! 212 Left identity




m ==

Monad Laws: Another Form return :: a —> m a

return = pure

monad—-composition operator (>>=) :tma—>(a->mb) >mb

(>=>) :: m=>(a->mb) > (b->mc) —> (a—-—>mc)
f >=> ¢ = \X > f X >>=¢

mb >>= return = mb

f a >>= return = f a
Right identity (\x —> f x >>= return) a = f a

( f >=> return) a = f a
T >=> return = T

| BNEESR, “PSERMEXAL? L




Monad Laws: Another Form

(>=>)

monad—composition operator

f >=> ¢

return ::

return

(>>=)

M
d —= N d

pure

—

:ma —-—=> (a->mb) =>mb

ASSOC

m=>(a->mb) > (b->mc) —> (a->mc)

= \X > T X >>= ¢

( mb >>= g) >>= h = mb >>= (\Xx —> g X >>= h)

( f a >>= g) >>= h = f >>= (\Xx —> g x >>= h)

( f a>>=gq) >>= h = f a >>= ( g >=> h)

(\x —> f x >>= @g) a >>= h = f a >>= ( g >=> h)

( f >=> Q) a >>= h = f >>= g >=> h)
(\x —> ( f >=>g9) x>>= h) a = (\x > f x >>= ( g >=>h)) a
( ( f >=>gq9) >=> h) a = ( f o o>= ( g >=> h)) a

( f >=> () >=> h = f >=> ( g >=> h)




Monad Laws In practice

Left identity

do { x' <= return x; f x' }




Monad Laws In practice

Left identity

do { x' <= return x; f x' }

return x >>= \x' —> f x!




Monad Laws In practice

Left identity

do { x' <= return x; f x' }

return x >>= \x' —> f x!

return x >>= )




Monad Laws In practice

Left identity

do { x' <= return x; f x' }

return x >>= \x' —> f x!

return x >>= )

f X




Monad Laws In practice

Left identity

do { x' <= return x; f x' }

return x >>= \x' —> f x!

return x >>= )

f X
do { f x }




Monad Laws In practice

Right identity

do { X <— mx: return x }




Monad Laws In practice

Right identity

do { X <— mx: return x }

mx >>= \X —> return Xx




Monad Laws In practice

Right identity

do { X <— mx: return x }

mx >>= \X —> return Xx
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Right identity

do { X <— mx: return x }

mx >>= \X —> return Xx

mx >>= return

MX

do { mx }
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Associativity

do { y<-do{x<-mx; fx1}; gy}

do { X <=mx; f x } >=\y —>qgy

(mx >>=\x > f x ) >=\y —>qg vy




Monad Laws In practice

Associativity

do { y<-do{x<-mx; fx1}; gy}

do { X <=mx; f x } >=\y —>qgy

(mX >>= \X —> T x ) >S—

\y > gy

( mx >>=

f ) >>=

9




Monad Laws In practice

Associativity

do { y<-do{x<-mx; fx1}; gy}

do { X <=mx; f x } >=\y —>qgy
(mx >>=\x —> f x ) >>=\y -=> g vy
( mx >>= 1 ) >>= g

mx >>=(\x —> f X >>=

g)




Monad Laws In practice

Associativity

do { y<-do{x<-mx; fx1}; gy}

do { Xx <= mx; f x } >>=

\y > gy

(( mx >= \x —> f x ) >>=

\y > gy

( mx >>= 1 ) >>=

9

mx >>=(\x —> f X >>=

g)

do { x <= mx; do { y <-f x; gy} }




Monad Laws In practice

Associativity

do { y<-do{x<-mx; fx1}; gy}

do { X <= mx; f x }>=\y >qgy

((mx >=\x > f x ) >=\y —>qg vy

( mx >>= f ) >>= g

mx >>=(\x —=> f x >>= g)

do { x <= mx; do { y <-f x; gy} }

do { X <— mx: y <- f x; gy }




Monad Laws In practice

SK1p_and_get do unused <- getLine
line <- getlLine
return Lline

I I Right identity

skip_and_get do unused <- getLine

getlLine




Monad Laws In practice

main = do answer <- skip_and_get
putStrLn answer

1} inlining
maln = do answer <-—

{ unused <- getLine;
getLine }

putStrLn answer

1| Associativity

maln = do unused <- getlL1ne
answer <-— getlLine

putStrLn answer
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main = do answer <- skip_and_get
putStrLn answer

1} inlining
maln = do answer <-—

{ unused <- getLine;
getLine }

putStrLn answer

1| Associativity

maln = do unused <- getlL1ne
answer <-— getlLine

putStrLn answer
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Monads as computation

**» Monadic computations have results.
> This is reflected in the types. Given a monad M, a value of
type M t is a computation resulting in a value of type t.

* For any value, there is a computation which "does nothing",
and produces that result.

» return *: (Monad m) => a —=> m a




Monads as computation

** Given a pair of computations x and y, one can form the
computation x >> vy, which intuitively "runs" the computation x,
throws away its result, then runs y returning its result.

» (>>) :: (Monad m) =>ma ->mb ->mb

* Further, we're allowed to use the result of the first computation
to decide "what to do next", rather than just throwing it away.

> (>>=) :: (Monad m) =>ma - (a-=>mb) —=>mb

» X >>= T acomputation which runs x, then applies f to its
result, getting a computation which it then runs.



Monads as computation

main :: IO ()
main = getLine >>= putStrLn

main :: IO ()
main = putStrLn "Enter a line of text:"
>> getLine >>= \x -> putStrLn (reverse X)

*» Because computations are typically going to be built up from long chains
of >> and >>=, in Haskell, we have some syntax-sugar, called do-notation

main = do putStrLn "Enter a line of text:"
X <- getLine
putStrLn (reverse X)



Monads as computation

¥* The basic mechanical translation for the do-notation:
do { X } = X

do { X ; <stmts> }
= X >> do { <stmts> }

do { v <- X ; <stmts> }
= x >>= \v => do { <stmts> }

do { let <decls> ; <stmts> }
= let <decls> in do { <stmts> }



Monads as computation

> This gives monadic computations a bit of an imperative feel.

> But it's important to remember that the monad in question gets to
decide what the combination means, and so some unusual forms
of control flow might actually occuir.

> In some monads (like parsers, or the list monad), "backtracking"
may occur, and in others, even more exotic forms of control might
show up.



Monads as computation

Some examples from Control.Monad

¢* A function which takes a list of computations of the same type, and builds from
them a computation which will run each in turn and produce a list of the results.
sequence :: (Monad m) => [m a] -> m [a]

sequence | ] = return | ]
sequence (x:xXs) = x >>= \v -> sequence Xs >>= \vs -> return (v:vs)

sequence :: (Monad m) => [m a] -> m [a]
sequence | ] = return | ]
sequence (X:xXs) = do v <- X
Vs <- sequence Xs
return (v:vs)

main = sequence [getLine, getLine] >>= print



Monads as computation

Some examples from Control.Monad
forM :: (Monad m) => [a] -> (a -=> m b) -> m [b]

forM xs f = sequence (map f xs)

main = forM [1..10] $ \x => do
putStr "Looping: "
print x

¢* There are variants of sequence and forM, called sequence_ and forM_, which
simply throw the results away as they run each of the actions.

sequence :: (Monad m) => [m a] =-> m ()
sequence [ ] return ()
sequence (X:Xs) X >> sequence Xs

forM :: (Monad m) => [a] => (a => m b) -> m ()
forM xs f = sequence (map f xs)



Monads as computation

Some examples from Control.Monad
¢* Sometimes we only want a computation to happen when a given condition is true.

when :: (Monad m) => Bool -> m () =-> m ()
when p x = if p then X else return ()



IRE ] 1

* Define an instance of the Functor class for the following type of
binary trees that have data in their nodes:

a = Leaf | Node ( a) a ( a)
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* Define an instance of the Functor class for the following type of
binary trees that have data in their nodes:

a = Leaf | Node ( a) a ( a)

fmap g Leaf = Leaf
fmap g (Node 1 x r) = Node (fmap g 1) (g x) (fmap g r)
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*» Complete the following instance declaration to make the
partially-applied function type into a functor:
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partially-applied function type into a functor:

((=>) a)
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o Define an instance of the Applicative class for the type

((—>) a)
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pure = const
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o Define an instance of the Applicative class for the type

((—>) a)

pure = const







12-1 Define an instance of the Monad class for the type (G|

12-2 Given the following type of expressions
data Expr a =Var al Val Int | Add (Expr a) (Expr a)
deriving Show
that contain variables of some type a, show how to make
this type into instances of the Functor, Applicative and
Monad classes. With the aid of an example, explain what the
>>= operator for this type does.



Adapted from Graham’s Lecture slides
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